Relativistic Hamiltonians are defined as the sum of relativistic one-body kinetic energy, two-and three-body potentials and their boost corrections. In this work we use the variational Monte Carlo method to study two kinds of relativistic effects in the binding energy of 3 H and 4 He. The first is due to the nonlocalities in the relativistic kinetic energy and relativistic one-pion exchange potential (OPEP), and the second is from boost interaction. The OPEP contribution is reduced by ∼ 15% by the relativistic nonlocality, which may also have significant effects on pion exchange currents. However, almost all of this reduction is canceled by changes in the kinetic energy and other interaction terms, and the total effect of the nonlocalities on the binding energy is very small. The boost interactions, on the other hand, give repulsive contributions of ∼ 0.4 (1.9) MeV in 3 H ( 4 He) and account for ∼ 37% of the phenomenological part of the three-nucleon interaction needed in the nonrelativistic Hamiltonians.
I. INTRODUCTION
It is generally accepted that QCD is the fundamental theory of strong interactions, however, due to quark confinement, the genuine QCD degrees of freedom are not explicit at low energies. In low energy nuclear physics, nucleons and mesons are believed to be the physical (effective) degrees of freedom. In the nonrelativistic many-body theory, nuclei are regarded as bound states of nucleons interacting via two-and three-body potentials. All the sub-nucleonic and meson degrees of freedom, as well as relativistic effects are, in some way, absorbed in these potentials. Typically the nonrelativistic Hamiltonian is expressed as
and models of two-and three-body potentials are constructed by fitting observed data. The ellipsis in Eq. (1.1) represents N-body interactions (N ≥ 4) which are thought to be much smaller than two-or three-nucleon interactions, and therefore neglected.
The central problem is to solve the many-body Schrödinger equation:
H N R |Ψ = E|Ψ .
(1.
2)
The eigenvalues E can be compared with experimental energies, and the eigenstates |Ψ can be used both to study the nuclear structure and probe it through electron-nucleus scattering experiments, and to calculate rates of nuclear reactions which may have important applications in several domains of physics.
Schrödinger equation (1.2) is difficult to solve due to the large spin and isospin dependence of v ij and V ijk . Several techniques have been developed, among which are FaddeevYakubovsky [1] , Harmonic-Hyperspherical basis [2] , and Quantum Monte Carlo (QMC) [3, 4] methods. The first two methods are limited to solving 3-and 4-nucleon systems, whereas with the third method it is now possible to calculate the ground state energy and wave function for A=2-8 nuclei with great accuracy.
Some of the results obtained by Pudliner et al. [5] are listed in Table I . The Argonne v 18 2-body potential [6] , fitted to NN scattering data and the deuteron binding energy, and Urbana IX 3-body potential [5] constrained to give the correct binding energy of 3 
H
and density of nuclear matter, are used in these calculations. It works rather well for 4 He, however, as can be seen from Table I , the A=6, 7 and 8 nuclei appear to be systematically underbound. It is interesting to note that a large fraction of the total v ij comes from the one-pion exchange potential (OPEP) and the dominant part of V ijk comes from two-pion exchange. Also notice that the three-body interaction is much smaller than the two-body
interaction, yet it is crucial to obtain the observed energies, because of the large cancelation between the kinetic energy and the two-body potential energy.
Although the nonrelativistic QMC techniques have advanced to such a level that the binding energies of light nuclei predicted by a realistic Hamiltonian can be calculated with <1% error [3, 5] , the effective description of nuclear dynamics by means of nonrelativistic
Hamiltonians may have intrinsic deficiencies. In particular, when the nonrelativistic potentials are fit to the experimental data, relativistic effects are automatically buried in these potentials. How well can these effects be represented by means of local nonrelativistic potentials is an important question to be answered. In other words, we may investigate whether an explicit and more correct treatment of relativistic effects can resolve the systematic underbinding of the nonrelativistic results for A = 6, 7, 8 nuclei.
Furthermore, with the recently completed multi GeV electron accelerator facilities such as TJNAF, experiments will be performed at energy and momentum transfer regimes where relativistic effects are substantial. Clearly, investigation of these effects has become increasingly important. Above all, no matter how small the relativistic effects might be, understanding them is a fundamental quest, just like understanding the fine and hyperfine structures in the hydrogen atom.
Several approaches have been developed to study various aspects of the relativistic effects in few-body nuclear physics. They can be classified in two main categories: effective field theories and relativistic Hamiltonian dynamics. Within the first one, the Bethe-Salpeter equations for the two-and three-body systems have been solved using a separable kernel [7] .
Also covariant three-dimensional reductions of the relativistic integral equations have been applied, along with one-boson exchange models for the kernels, to the three-nucleon system. Here we refer to minimal relativity in the Blankenbecler-Sugar equations [8] and, more recently, to the spectator (Gross) equations [9] . In the relativistic Hamiltonian dynamics approach, relativistic covariance is achieved through the Poincaré group theory. One application of this method is the light front dynamics, which has been applied to the two-body system [10] , and the other is the instant form.
The present interest in the relativistic Hamiltonian dynamics in the instant form stems from the fact that the ground states of the Hamiltonian can be studied with the Quantum Monte Carlo methods that have already been developed in the nonrelativistic approach.
Earlier [11, 12] and the present study are limited to the A=2, 3 and 4 nuclei, but attempts to study larger nuclei are in progress. In addition, the use of short-range phenomenological terms in the interaction gives the flexibility to allow a very good fit to the two-body scattering data with χ 2 ∼ 1. And finally, it is not obvious that the entire short and intermediate range 2-nucleon interaction can be represented as due to the exchange of a few types of mesons.
Thus more general ways of studying relativistic effects in nuclei are desirable.
In this paper we report new results for the binding energies of the A = 3, 4 systems, using the relativistic Hamiltonian dynamics in the instant form, where for the first time the nonlocalities induced by the relativistic effects in the one-pion-exchange potential (OPEP) are taken into account. In Sec. II we discuss the relativistic Hamiltonian used in this work.
In Sec. III we apply Variational Monte Carlo (VMC) techniques and present results. Finally we summarize in Sec. IV. Some of the detailed derivations involved in this work are given in the Appendix.
II. THE RELATIVISTIC HAMILTONIAN
In relativistic Hamiltonian dynamics in instant form the momentum (P) and angular momentum (J) generators are chosen in the conventional way and therefore are independent of interaction, while the Hamiltonian (H) and boost (K) generators have interaction terms.
Based on the pioneering work of Bakamjian and Thomas [13] and Foldy [14] , the relativistic Hamiltonian can be expressed as:
whereṽ ij are two-body potentials in the "rest frame" of particles i and j (i.e. the frame in which P ij = p i +p j =0). SimilarlyṼ ijk is the three-body potential in the frame in which
The δv ij (P ij ) and δV ijk (P ijk ) are called "boost interactions" and depend upon the total momentum of the interacting particles. Obviously, δv ij (P ij =0) and δV ijk (P ijk =0) vanish. The H N R contains approximations to the kinetic energy T ,ṽ ij and V ijk , and totally neglects the boost interactions. In the case of deuteron, we can always go to its center of mass (c.m.) frame where total momentum P ij =0. Theṽ ij is adequate to describe the deuteron in its "rest frame", however, in A > 2 nuclei the total momentum of any pair of nucleons is not necessarily zero in the c.m. of the whole nucleus, therefore the interaction between the pair can not be correctly described byṽ ij alone.
Two kinds of relativistic effects in the interaction are studied in this work: the boost interaction δv ij (P ij ) due to the motion of the c.m. of nucleons i and j in the rest frame of the whole nucleus, and the nonlocality due to the relative motion of two nucleons in their own c.m. frame. The latter will affect the "rest frame" potentialṽ ij . The boost interaction has been studied in detail in Refs. [17, 11, 12] , so we will only give a brief discussion. On the other hand, the treatment of the nonlocality of OPEP in quantum Monte Carlo calculations is discussed in detail.
The boost interaction δv(P ij ) is determined from the "rest frame" potentialṽ ij through relativistic covariance [15, 16] . The δv(P ij ) is expanded in powers of P 2 ij /4m 2 and only the leading corrections are considered in this work. The δv(P ij ) is given by:
where the subscripts ij ofṽ, P, p and r have been suppressed for brevity. Here p=(p i −p j )/2 is the relative momentum operator, and σ=2s are the Pauli matrices for spin 1/2 particles.
Various aspects of δv(P) are discussed in Ref. [17] . Thomas precession and quantum effects. They are denoted as δv T P and δv QM and are much smaller than the first two terms. For example, the contributions of δv RE , δv LC , δv T P and δv QM to the energy of triton are found [11] to be 0.23(2), 0.10(1), 0.016(2) and -0.004 (2) MeV, respectively. Since the main contribution comes from the first two terms, for simplicity, we neglected the last two terms in the 3-, 4-body calculations in this work.
In addition to the boost interaction, another source of relativistic effects comes from the nonlocality. In the following discussion we will use the two-nucleon c.m. frame in which boost interaction vanishes, and focus on the two-body "rest frame" interaction. In most existing nonrelativistic potential models, the OPEP has been calculated using the nonrelativistic Pauli spinors. Without πNN form factors, it is given in momentum space by:
where f πN N is the pion-nucleon coupling constant, µ is the pion mass and q is the momentum transfer,
Here p and p ′ are the initial and final momenta of nucleon i in the center of mass frame, and theṽ π,N R is local, i.e. it depends only on q.
In contrast if one uses relativistic Dirac spinors the on-shell OPEP has the form:
This potential is dependent not only on q but also on p and p ′ , which results in a nonlocal potential in the configuration space. The interaction (2.5) is regarded as energy independent and used in many-body Schrödinger equations. By expanding the square roots it can be easily verified that the leading correction (ṽ π,Rel −ṽ π,N R ) is of order p 2 /m 2 , i.e., of order v 2 /c 2 where v denotes the velocity of the nucleons in the center of mass frame.
In Ref. [17] it is shown that the relation between the boost interaction δv(P) and the staticṽ N R is independent of the origin ofṽ N R up to order P 2 /m 2 , and presumably beyond.
Thus the knowledge of the staticṽ N R is sufficient to obtain δv(P). In contrast the above relation betweenṽ π,Rel andṽ π,N R (Eq. 2.5) is specific for the interaction due to exchange of pseudoscalar mesons by Dirac nucleons via either pseudoscalar or pseudovector coupling.
By expanding the square roots in Eq. (2.5) we obtain: 6) whereas the interactions generated by exchange of scalar (S) or vector (V ) mesons have different relations [17] :
Realistic models of nuclear forces contain momentum dependent terms which presumably take into account some of the relativistic corrections to the phenomenological short and intermediate range parts ofṽ N N . However, most configuration space models do not contain long range, momentum dependent tensor forces occuring inṽ π,Rel . In exact calculations the tensor force can not be generally expanded in powers of p 2 /m 2 . In any truncated expansion the force diverges at large values of p, and can yield divergent attraction.
In the present work the two-nucleon potential is expressed as:
whereṽ R is the remaining part of the 2-body potential which is phenomenological. We can also write the OPEP given in Eq. (2.5) as:
The term in parenthesis is the relativistic correction. The nonrelativistic potential models do not consider this correction explicitly: the data is fit usingṽ π,N R in Eq. (2.9), thus some of its effects go into the phenomenological part of the potentialṽ R . Theṽ R in relativistic
Hamiltonian differs from that in nonrelativistic Hamiltonian due to the difference inṽ π,Rel andṽ π,N R as well as that in the kinetic energy operators.
We construct our H R to be phase equivalent to the isoscalar part of the nonrelativistic H N R containing Argonne v 18 . The relativistic effects can then be studied by comparing results obtained from our H R and the isoscalar H N R without considering the small isospin symmetry breaking terms in the latter. The relativistic Hamiltonian for two-nucleon system in its center of mass frame is chosen as:
( 2.11) whereṽ R has the same form as the isoscalar part of Argonne v 18 [6] :
Theṽ π,N R used in Argonne v 18 is given by:
where
We note that thisṽ π,N R does not contain the part of σ i · σ j τ i · τ j interaction which acquires a δ(r ij ) function form in the limit of point particles. This δ−function is probably spread out by the finite size of the nucleons, and contributes to the short range part of v N N . However, it is difficult to extract it from the phenomenological models. Moreover the dominant contribution and the nonlocality effect seem to come from the tensor part of OPEP.
Recently, after completion of the present work, Kamada and Glöckle [18] found an elegant method to obtain a potential v Rel that gives exactly the same phase shifts with relativistic kinetic energy that a known v N R gives with nonrelativistic kinetic energy. Our objective here is not just to find a v Rel that is phase equivalent to the Argonne v 18 ; we additionally require it to have theṽ π,Rel long range behavior. Both relativistic and nonrelativistic models ofṽ contain theoretical long range OPEP; the scattering data is used to determine only the phenomenological partṽ R in these interactions. Our two models are not as exactly phase equivalent as Kamada and Glöckle's v Rel and v N R are, however the differences in their phase shifts are negligibly small compared to the uncertainties in the Nijmegen phase shifts [19] .
The parameters of the function v p (r ij ) ofṽ R are obtained by fitting the phase shifts and deuteron binding energy. Traditionally phase shifts are calculated in configuration space, however, in the relativistic case, the Hamiltonian contains √ m 2 − ∇ 2 which is nonlocal in configuration space, therefore we calculate them in momentum space. The details of the momentum-space technique have been discussed in Ref. [20] .
Some of the important phase shifts are plotted in Fig. 1 . The diamond symbols represent the reference nonrelativistic phase shifts obtained with H N R , the plus symbols represent those calculated from H R before re-adjusting the parameters in v p (r), and the square symbols correspond to those after. The reference phase shifts are almost exactly reproduced by the relativistic Hamiltonian H R as indicated by the good overlap of the diamond and square symbols in Fig. 1 . The deviations between the plus and diamond symbols reflect the total effect of replacing nonrelativistic kinetic energy andṽ π,N R by the relativistic kinetic energy andṽ π,Rel in H N R , and are not too large except for the mixing parameter E 1 of
This indicates that relativistic nonlocal effects in two nucleon scattering at E lab < 400 MeV are rather small. E 1 is primarily determined by the tensor force; the relatively large change in E 1 is due to the nonlocality of the tensor force inṽ π,Rel .
The new two-body potential is essentially phase equivalent to isoscalar part of Argonne v 18 and predicts similar deuteron properties as listed in Fig. 2 . Since it is the same as the nonrelativistic OPEP, the difference between the potentials shown in the figure is entirely due to that in the phenomenological partṽ R . Equation (2.5) shows that theṽ π,Rel is smaller than theṽ π,N R for p or p ′ = 0.
The deuteron S-and D-wave functions are shown in Fig. 3 . Here the relativistic D-wave is slightly smaller than the nonrelativistic one, presumably because the relativistic tensor potential is smaller than the nonrelativistic tensor potential (Eq. 2.5) for large p and p ′ . The deuteron wave functions in momentum space are shown in Fig. 4 . Note that the relativistic wave functions are not very different from the nonrelativistic ones. The ratio of the two momentum space D-wave functions can be easily understood as discussed below.
The exact ground state wave function Ψ can be expanded in a complete set of states |i :
For a Hamiltonian given by T + v, where |i are eigenstates of T , the amplitudes φ i are given by 19) as can be verified from the Schrödinger equation H|Ψ = E 0 |Ψ . Here E 0 is the ground state energy,
In the case of the deuteron we can choose T as the kinetic energy operator and |i as S-and D-waves with momentum p, denoted by |p l , for l = S, D. The amplitudes φ l (p) of these waves give the deuteron wave function in momentum space. We can estimate the difference between the nonrelativistic and relativistic deuteron D-state wave function at large momentum by assuming that it is primarily generated by the OPEP. In the nonrelativistic case this gives: 21) where the first factor is the relativistic kinetic energy denominator, and the second comes from the m/E ′ factor in theṽ π,Rel (Eq. 2.5). The other m/E factor in theṽ π,Rel operates on the Ψ. It is set to unity because most of the deuteron wave function has small relative momenta.
Neglecting the small difference between the relativistic and nonrelativistic Ψ, the ratio of the φ D (p) is found to be
The above estimate is fairly close to the ratio of the calculated D-wave functions as can be seen in Fig. 5 . Note that this ratio is smaller if theṽ π,Rel is used with the nonrelativistic kinetic energy in φ D,Rel (p) (dotted line), and it is larger than one when theṽ π,N R is used with the relativistic kinetic energy (dot-dashed line). The relativistic corrections to the interaction and kinetic energies have opposite effects on the wave function. The difference between the S-wave functions is influenced by the changes in the kinetic energy and theṽ R .
The effects of these changes on the phase shifts and the deuteron energy must cancel by construction, and they seem to largely cancel in the φ S (p).
Some of the deuteron momentum space results are listed in Table III. This table offers a microscopic view of how various relativistic effects were buried in the nonrelativistic models.
Relativistic nonlocalities reduce the OPEP contribution by ∼2.6 MeV, while the relativistic kinetic energy is smaller by ∼ −1 MeV, giving a net effect of 1.6 MeV which is canceled by the change in the phenomenologicalṽ R .
The variational Monte Carlo calculations for the A > 2 systems have to be carried out in configuration space. We therefore have to Fourier transform theṽ π,Rel which depends on both p and p ′ (Eq. 2.5), yielding a nonlocal potential in configuration space: (Table III) is only about 20 MeV, giving p 2 /m 2 ≈ 0.02 on average.
However, the deuteron has large momentum components via the D-wave, or equivalently the tensor correlations, and most of the OPEP contribution is from those. Thus it is not surprising that the expectation value of OPEP is sensitive to higher powers of nucleon velocities.
For the relativistic OPEP, a good convergence is achieved by using the variables:
for whichṽ
Here we expanded theṽ π,Rel in powers of (Q · q)
This series appears to converge rapidly. In the case of deuteron, the leading relativistic correction given by the second term is 2.7 MeV, the third term gives -0.18 MeV, and the exact value is 2.59
MeV. The third term contains θ Qq dependence and results in complicated operator forms as shown in the Appendix. Moreover, the third and higher terms account for only ∼ 4 % of the relativistic correction to OPEP expectation value in the deuteron (i.e. ∼ 0.6 % of ṽ π,Rel ).
Therefore only the first two terms are considered in this work, and the relativistic OPEP is approximated by:ṽ
With thisṽ π,Rel in Eq. (2.9), we refit the phase shifts and deuteron binding energy. The parameters in v p (r) are very similar to those obtained with the exactṽ π,Rel given by Eq. (2.5).
The new phase shifts and the relativistic potentials are very similar to those shown in Figs. 1 and 2.
The configuration space potential (Eq. 2.23) is given by: 29) and is simple to evaluate. Theṽ π,N R (Eq. 2.14) in momentum space is given by:
31)
Substituting these into Eq. (2.29) gives:
with correspond to the nonrelativistic Y π (x) and T π (x). The volume integral of F στ (x, y) is independent of y, whereas that of F tτ (x, y) decreases with y. Therefore relativistic effects mostly come from the tensor part of OPEP.
III. VARIATIONAL MONTE CARLO CALCULATIONS AND RESULTS

A. VMC techniques
With the relativistic Hamiltonian discussed in the previous section, we can proceed to evaluate the energy expectation value
for A ≥ 3 nuclei using the Monte Carlo technique.
The Monte Carlo method [23] offers a useful way to handle the multidimensional integrals which would otherwise be impractical by the usual numerical methods. The basis of this method is that instead of integrating over a regular array of points, we sum over a set of configurations {R i } distributed with probability w(R). Here R = (r 1 , r 2 , · · · , r A ) denotes the configuration of all the nucleons in the nucleus. There are various techniques for sampling w(R) [23] , and in this work Metropolis sampling method [24] is used to treat the complicated distributions.
Variational Monte Carlo (VMC) technique is based on variational principle that the minimum expectation value of the Hamiltonian is closest to the ground state energy of the system. Starting from a variational wave function, which depends upon several variational parameters (α 1 , α 2 , · · · , α n ), we evaluate the expectation value of the Hamiltonian using the Monte Carlo configuration samples R i :
where δ is the standard deviation. Typically block averaging scheme is used to obtain a normal distribution and the error can be conveniently evaluated from it. We divide N c configurations into N b blocks each containing N 0 = N c /N b configurations. The averagẽ
is evaluated for each block. The expectation value of H is given by
with the standard deviation
The Monte Carlo result is exact when the number of configurations N c → ∞, although in practice N c =50000 seems to be enough to obtain results with sufficiently small statistical errors. The weight function is usually chosen to be
to maintain small Monte Carlo error. Note that when Ψ v is the eigenstate of H, the Monte Carlo sampling error becomes zero. Finally, the parameters (α 1 , α 2 , · · · , α n ) are varied to minimize the energy. Some of the terms in H R (Eq. 3.1) can be calculated straightforwardly and have been discussed in Refs. [25] and [12] . The terms that require special techniques are the relativistic kinetic energy √ m 2 − ∇ 2 andṽ π,Rel in the two-body potential. The kinetic energy term has been calculated previously in Ref. [11] , and the calculation of ṽ π,Rel is discussed in Sec.
IIIC.
B. Relativistic wave functions
In the nonrelativistic case, variational wave functions of the form
having symmetrized product of pair correlation operators F ij and a sum of triplet correlations F ijk operating on an antisymmetric, uncorrelated wave function |Φ , have been commonly used. The F ij and F ijk correlation operators reflect the effects of two-, three-body interactions on the wave function. The uncorrelated wave function has no spatial dependence for A ≤4 nuclei. A good representation of such a wave function is given in Ref. [25] .
The pair correlation operator F ij is constructed from correlation functions which satisfy Schrödinger-like 2-body equations, with appropriate boundary conditions. Their solutions are like deuteron wave functions Ψ N R and Ψ R displayed in Fig. 3 . In the case of A=2 deuteron, both nonrelativistic and relativistic correlation functions can be easily solved in momentum space; they are not very different from each other as can be seen in Fig. 3 . In A >2 nuclei, the nonrelativistic pair correlation equations can be easily solved in configurations space, however, the relativistic equations are more difficult to solve. Therefore we seek good approximations for the relativistic pair correlation functions.
Our method can be easily illustrated using the example of deuteron. Its variational wave function is expressed as:
Ψ|H R |Ψ is calculated using VMC, and λ is varied to minimize it. The results are shown in Fig. 7 . The error bars shown in Fig. 7 originate from the statistical sampling and are <1%
of the binding energy. The same configurations are used to calculate the energies for all λ, hence the errors are correlated. The minimum value of H R does occur at λ = 1 where Ψ = Ψ R as expected. The difference in H R between λ = 0 (using a nonrelativistic wave function) and λ = 1 (using a relativistic one) is ∼0.04 MeV. This means that if we were to use the nonrelativistic wave function to calculate the expectation value of H R , the result will be off by only 2% for the deuteron.
In heavier nuclei we also expect the optimum nonrelativistic wave function to provide a good approximation for relativistic wave function. The difference between the two is presumably largest in 3 S 1 − 3 D 1 and 1 S 0 correlation functions at small r. We therefore define:
where ξ c for the channel c is defined as:
At small r, the central f Therefore the ξ3 S 1 and ξ3 D 1 can be calculated exactly in momentum space using the relativistic and nonrelativistic deuteron wave functions for the φ c,R and φ c,N R . These ξ's are rather short-ranged (Fig. 8) , and we do not expect them to vary significantly in larger nuclei.
Wiringa [4] has shown that the nonrelativistic correlation functions for 2 H, Fig. 9 . The minimum occurs at λ=0.5 instead of 1 (the expected value), however, the difference in H R between λ=0.5 and 1 is rather small and of the order of the Monte Carlo sampling error. The minimum energy for 4 He occurs at the expected λ=1.0.
C. Expectation value of the nonlocal potential
Consider an A-nucleon system whose wave function is denoted as Ψ(r 1 , r 2 , · · · , r A ). We define:
so that 14) as illustrated in Fig. 10 . The expectation value of relativistic OPEP is then given by
whereṽ π,Rel (|x i − x j |, y) is previously calculated in Eq. (2.33). The integration over the r k 's, x i , x j and the solid angle of y is carried out by the Monte Carlo method, while that over the magnitude of y is carried out with Gauss-Laguerre integral.
D. VMC results
The VMC results for 3 H and 4 He are listed in Table IV . Note that in principle we should use GFMC to calculate the exact binding energies, but the relativistic effects resulting from the difference between H R and H N R are small and presumably not too different from those estimated using VMC.
The total relativistic effect on the binding energy is ∼0. average value. Thus the expansion parameter P 2 /4m 2 for the boost interaction is effectively four times smaller than that of (ṽ π,Rel −ṽ π,N R ) when the momenta are generated by pair correlations, therefore we expect the boost expansion to converge more rapidly. Moreover, |ṽ π,Rel −ṽ π,N R | is much larger (∼ 6 and 13 MeV in 3 H and 4 He respectively) than |δv| and has to be calculated with higher relative accuracy to obtain a final total energy with error ∼ 1 %.
IV. CONCLUSIONS AND OUTLOOK
We find that the relativistic effects in on-shell OPEP are quite substantial. The expectation values ofṽ π,Rel are smaller than those ofṽ π,N R by ∼ 15 %. Since the expectation values of OPEP are much larger than nuclear binding energies, the differences in the OPEP expectation values are comparable to the total nuclear energy. However, nuclear Hamiltonians are not derived from first principles, they are obtained by fitting data. The substantial difference betweenṽ π,Rel andṽ π,N R is compensated in the H N R by that in the kinetic energy T andṽ R so that it gives the same scattering cross sections and deuteron energy as the H R . We find that this compensation works rather well for three-and four-body nuclei. In absence of the boost interaction our nonrelativistic and relativistic Hamiltonians seem to give very similar results for the binding energies and wave functions of light nuclei. It is probably necessary to examine one-pion exchange current contributions to elastic scattering form factors and radiative capture reactions to see the effect of the m/E factors in the OPEP.
The modern two-nucleon potential models, which include the Nijmegen models I, II and Reid-93 [26] , Argonne v 18 [6] and CD-Bonn [27] , accurately reproduce the NN-scattering data in the Nijmegen data base. Friar et al. [28] have studied the triton energy with the Nijmegen and Argonne models, without boost or three-nucleon interactions, using accurate the CD-Bonn model has additional off-shell nonlocalities which disappear in the on-shell relativistic OPEP. It is defined as [29] :
contribute to the on-shell OPEP, and is absent from ourṽ π,Rel given by Eq. (2.5). The OPEP gives large contributions by coupling states with small p to large p ′ . Therefore we consider the case p = 0 for which p ′ = −q, and expand in powers of q 2 /m 2 . This gives: ijk unchanged. The difference in the three nucleon interaction then compensates for the omission of δv in conventional nonrelativistic nuclear Hamiltonians. It appears that this compensation works rather well in light nuclei having up to eight nucleons [32] , as well as in nuclear and neutron matter up to normal densities [33] . It presumably works also in heavier nuclei where it is not tested. However, at several times nuclear matter densities, encountered in neutron stars, the effective three-nucleon interaction overestimates the δv contribution significantly [33] . 
where 
TABLES
